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Abstract. We study global conservative solutions of the Cauchy problem for 
the Camassa— Holm equation Ut — ut xx + KU X + 3uu x — 2u x u xx — uu xxx = 
with nonvanishing and distinct spatial asymptotics. 



1. Introduction 
The Cauchy problem for the Camassa-Holm (CH) equation jSJ|5], 

(1.1) Ut — Utxx ~t~ ^^x ~t~ <$UU X — '2u x U xx — UU XXX = 0, 

where n £ K is a constant, has attracted much attention due to the fact that it serves 
as a model for shallow water waves [9] and its rich mathematical structure. For 
example, it has a bi-Hamiltonian structure, infinitely many conserved quantities 
and blow-up phenomena have been studied. As these properties play no role in 
the present approach, we refer to |12j for references to papers that discuss these 
properties. 

In particular, global conservative solutions have been constructed in the periodic 
case [TS] and on the real line in the case of initial data with the same vanishing 
asymptotics at minus and plus infinity [3J [T3] (for k = 0) and [T3] (for k / 0). 
Furthermore, a Lipschitz metric has been derived for the Camassa-Holm equation 

maim. 

Here we focus on the construction of a semigroup of global conservative solutions 
on the real line for initial data with (in general) different asymptotics at minus and 
plus infinity. The approach used here is similar to the one used in |12) for the 
Camassa-Holm equation in the case of vanishing asymptotics (when u £ H (WL)). 
It also resembles a recent study of the Hunter-Saxton equation in 4J, and indeed 
we here combine the two approaches. In pQ, the authors proves in the dissipative 
case the existence of H l perturbations around a given solution with nonvanishing 
asymptotics. In this article, by solving the Cauchy problem, we prove that such 
solutions exist in the conservative case. 



More precisely, we consider the initial problem for (1.1 1 with initial data uq £ 
-Hoo(K), which means that uq can be written as 

(1.2) uo(x) = u Q (x) + c-x(-x) + c+x(x), 
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for some constants c± £ R, where uo € and x denotes a smooth partition 

function, which satisfies xi x ) — f° r x ^ 0, = 1 f° r £ > 1 and x'( x ) ^ f° r 
all ieR. 

In [Tni [T7] 1 traveling waves solutions of the CH equation have been characterized 
and depicted. The solutions are obtained by glueing together simpler solutions. In 
particular, Lenells constructs solutions with distinct asymptotics at plus and minus 
infinity, see Figure [T] for an example. 





- c=0.75 











Figure 1. Traveling wave u(t,x) = <p(x — ct) obtained by gluing 
together two cuspons at the point (0,c). For the picture here, we 



use c = | and k 
solution (see [T5] 
Yiu\ x ^ (f) x (x) = - 



— | so that the gluing indeed results in a weak 
Note that <f> x £ L 2 (M.) but cj> is not Lipschitz as 



-co. 



Without loss of generality, we can consider the case k = (see Section [2]). Then 



(1.1 ) can be rewritten as the following system 

u t + uu x + P x = 0, 



(1.3a) 

(1.3b) P 
The last equation yields, after using the Green function, 



Pxx = u 2 + -u 2 x . 



P( X ) - 2 



'^(u 2 + -ul)(z)dz 



and we can see that P is well-defined when u £ H^iM). We show that the as- 
ymptotic values c_ and c + for u(t, x) at infinity are in fact constant in time (see 
Section [2]) . This may seem a little surprising since the Camassa-Holm equation 
with vanishing asymptotics has infinite speed of propagation [7] , and therefore one 
might think that the solution would approach a common asymptotic, e.g., the mean 
value, at plus and minus infinity. 
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The solutions of the Camassa-Holm equation may experience wave breaking (see, 
e.g., [5] and references therein). The continuation of the solution past wave breaking 
is highly nontrivial, and allows for several distinct continuations. Two prominent 
classes of solutions are denoted as conservative and dissipative solutions, see, e.g., 

sua eg. 

The aim of this article is to construct a semigroup of conservative solutions 
on the line for nonvanishing asymptotics. In the case of vanishing asymptotics, 
conservative solutions refer to the solutions for which the H 1 (R) norm is preserved, 
for almost every time. Here, it does not make sense to consider the H 1 (R) norm 
of the solution. By conservative solutions, we mean weak solutions to the equation 
which in addition satisfy the conservation law 

(w 2 + ul) t + (u(u 2 + u 2 x )) x = {u 3 - 2Pu) x 



in the sense of distributions (see Definition (5.1) for the precise definition). 

The continuity of the semigroup is obtained with respect of a new metric that we 
introduce. This metric depends on the choice of the partition function x- However, 
in Section |6j it is shown that different choices of partition functions \ lead to the 
same topology. 

2. EULERIAN COORDINATES 

We consider the Cauchy problem for the Camassa-Holm equation with arbitrary 
k £ R given by 

(2.1) u t - u txx + nu x + 3uu x - 2u x u xx - uu xxx = 0, u\ t =o — u . 

We are interested in global solutions for initial data with nonvanishing limits at 
infinity, that is, 

(2.2) lim uq(x) — u_oo and lim Uq(x) = u^. 

x — ^ — oo x— >oo 

To be more specific, we assume that uq(x) can be rewritten as 

(2.3) u (x) = u Q (x) + u-oox(-x) + UooX(x), 

with m € H 1 (K) and X a smooth partition function, which has support in [0, oo), 
satisfies x( x ) = 1 for x > 1 and x'( x ) > for a; e M. Assuming that u(t, x) satisfies 



( 1.1 ), then the function v(t, x) = u(t, x — nt/2) + k/2 satisfies ( 1.1 ) with k = and 
hence we can without loss of generality assume that re = 0, because the framework 
presented here allows for nonvanishing asymptotics. 

Let us introduce the mapping I x from ff 1 (M) x R 2 into iJ[Q C (K) given by 

I x (u,c-,c + ) = u{x) +c-x{-x) +c+x(x) 

for any (u,c_,c + ) € H 1 ^) xR 2 . We denote by H^R) the image of 



x 



P2 



by I x , that is, H OD (R) = I^H^R) x R 2 ). Then, u as given by (J2T3J) belongs by 
definition to Hoo(K). Since I x is linear, H 00 (M) is a vector space. The mapping I x 
is injective. We equip ^[^(R) with the norm 

( 2 - 4 ) HIJACK) = II^Uhmr) + ' c -l + l c +l 

where u = I x {u, c_, c + ). Then, H^iR) is a Banach space. Given another partition 
function we define the mapping (u, c_,c + ) = ^(m, c_, c + ) from H 1 (R) x R 2 to 
H 1 (M) x R 2 as c_ = c_, c + = c+ and 

(2.5) U{x) = u{x) + c_(x(-x) - x(-x)) + c+{x(x) - x{x))- 
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The linear mapping \1/ is a continuous bijection. Since 

h = h ° *> 

we can see that the definition of the Banach space ifoo (M) does not depend on the 
choice of the partition function x- The norm defined by (2.4 1 for different partition 
functions x are au equivalent. 

If u(t, x) is a solution of the Camassa-Holm equation, then, for any constants a 
and /?, we easily find that 

(2.6) v(t,x) = au(at, x - fit) + /3 

is also a solution with k replaced by an — 2/3. The be reduced 

to the standard case of vanishing asymptotics at infinity by choosing a = 1 and 
ft = —Uoo- Furthermore, in the case when ^ u_oo, it is no loss of generality to 
only consider initial conditions which satisfy the following conditions 

(2.7) lim uq(x) — and lim uq(x) = c, 

x — y — oo x— ¥oo 

where c denotes some constant. Especially, if uq is an initial condition which satisfies 
(2.2), then take a = 1 and /3 = — u-oo in (2.6) and we obtain an initial condition 
v which satisfies condition (2.7). Accordingly, we introduce the subspace 7J 0jO o W 
of HooW as 

H . OD (R)=I X (H 1 (R) x {0} xl). 

As we shall see next this subspace is preserved by the Camassa-Holm equation. 
This is the main motivation for considering this space beside of the fact that the 
arguments simplify. 

In what follows we will restrict ourselves to the case n = 0, as the case k ^ can 
be treated using the same ideas and techniques. For the case n = the governing 
equations read]!] 

(2.8a) u t + uu x + P x = 0, 

(2.8b) P - P xx = u 2 + \u 2 x . 



Let us assume that linx^oo u(t, x) — c(t) exists. From (2.8b) we obtain the 
following representation for P, under the assumption that u G Ho j00 (Jt), 

(2.9) P(x)=<? X 2 (x) + l f e-\*-y\2c X u + u 2 + l -ul + 2c 2 X 12 + 2c 2 XX "){y)dy. 
It follows that 

P x {x) = 2c 2 X \x)x{x)-\ f sgn{x - V )e-\ x ~y\2cxuW+ l -ul+2c 2 x n +2c 2 xx"){v)dy 

and lim^^oo Px = 0. Thus, we formally obtain that c'(t) = lim^^co u t (t, x) = 
and the limit at infinity of u is constant in time. Indeed the solutions we are going 
to construct satisfy this property. 



^For k nonzero l |2.8b| l is simply replaced by P — P xx = u 2 + ku + 
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3. LAGRANGIAN VARIABLES 

The aim of this section is to rewrite the Camassa-Holm equation as a system of 
ordinary differential equations, which describes solutions in Lagrangian coordinates. 
Let V be the Banach space 

V = {/ G C b (R) | / £ G L 2 (R)}, 

where C b (R) = C(R) H L°°(R), equipped with the norm 

(3.1) ll/llv = ll/IL- + IIAII^i 

for any / G V. Then we define yt(t,£) = u (t,y(t,t;)), which can be rewritten as 
y(0 = C(£) + £> where ( belongs to V. Furthermore we set U(t,£) = u(t,y(t,£)), 
which can be decomposed as 

U = U + c\° y 

where U G H 1 (R) and cel. We define h G L 2 (R) formally as 

&(t,0 =«*(*.!/(*. £))%(*.£) 

so that v? x (t, x) dx — y#(h(t, £_) d£). Here y# denotes the push-forwardj^] We have 

(3.2) y^h = Ul 

Next we derive the equivalent system for the independent variables £, U, and h. 
Therefore set P(t,£) = P(t,y(t,£)), where P(t,x) is the solution of (2.8b) and 
define Q(t, £) = P x (t,y(t,£)), then we have using j2l 

y t = u, 

U t = -Q. 



Let us compute h t . Assuming that the solution is smooth, ( |2.8[ ) yields 
(3.3) (u 2 x ) t + (uu 2 x ) x = 2{u 2 u x - Pu x ). 

By the definition of y as the characteristic function, it follows that 
d 

(3-4) j t {u 2 x o yy e ) = ((u 2 x ) t + {uu 2 x ) x ) o m . 



Hence, from (3.3), we get 

(3.5) h t = 2{{u 2 - P) o y)(u x o y)y & = 2{U 2 - P)U ( . 

Thus, we consider the system 

(3.6a) y t = U, 

(3.6b) U t = -Q, 

(3.6c) h t = 2{U 2 - P)U ( . 

After studying the functions P and Q we will prove the local existence of solutions 
to (3.6) in 

E :=V x F ,oo QR) x L2 ( M ) 
by using a standard contraction argument. The norm of E is given in terms of a 
partition function \- Then E is in isometry with 

E = V x H X {R) xRx L 2 (R). 

2 The push-forward of a measure v by a measurable function / is the measure f#v defined as 
f#"(B) = u(f- 1 (B)) for any Borel set B. 
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We have 

\\((,U,h)\\ E = \\(t,I- 1 (U),h)\\ § . 

However, as noted earlier, all partition functions give rise to equivalent norms. 
For convenience, we will often abuse the notations and denote by the same X the 
two elements ((,U,c,h) and (y,U,h) where, by definition, U — U + c\ o y and 

!/(o = c(o+e 

Lemma 3.1. For any X = (£, U, h) in E, we define the maps Q and V as Q{X) = 
Q and V(X) = P, where P and Q are given by 

1 I -|»(0-y(n)l((2C7 2 + AcU X oy) y( . + h){r]) d v + c 2 g o y (£), 



(3.7) P(0 = 



and 
(3.8) 

Q(0 = 

where 
(3.9) 



sign(£ - ^e-lfCO-^WI ((2?7 2 + AcU X ° y)y s + h)(n) dn + c 2 g' o y (£), 



g(x)= X 2 {x) + l f e-^(2 X ,2 +2xx")(z)dz. 

Then, X i— > "P — U 2 and X > Q are locally Lipschitz maps, i.e., Lipschitz on 
bounded sets, from E to H 1 (M). Moreover we have 



(3.10) 
(3.11) 



h = -^h-(U 2 -P) Vi , 
Pf = Q(l + C«)- 



Proof. The expression (|3.7|) is obtained from (|2.8b|) after a change of variables to 

1 , 



Lagrangian variables. From (2.8b), we get 



P-P xx = cV + 2c X u + u 2 + -u-, 



which yields, after applying the Helmholtz operator, 



(3.12) 



P(x) = c 2 g(x) + 



,-\x-z\ 



1 



(2c X u + u + -u x )(y)dy 



where we define g as the solution of g — g" — X 2 . Since (g — y 2 ) ~ (# — X 2 )a 
2x"x + 2y' 2 , after applying the Helmholtz operator, we get 

1 



(3.13) 



x 2 = 



,-\x-z\ 



(2 X ' 2 +2 XX ")(z) dz 



and we recover the definition (3.9 1. The integral term on the right-hand side in 
(3.13) belongs to if 1 (R), and thus it follows that linx^-oo g(x) = and lim^^, g(x) 
1. Moreover, since we can also write g(x) = | f R e~\ z \ X 2 (x — z) dz, we have 

> 1 



(3.14) 



9 [x) 



-\ x -*\2 X '(z) X (z)dz 



so that g' > 0, as X ' > 0. Thus, 



lim g{x) 



1. 



Defining now P{t,^) — P(t,y(t,£)), then (3.12) yields ( |3.7[), af ter changing variable 
and using (3.2). Analogously one explains the definition (13. 81). 
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Next we prove that Q is locally Lipschitz from E to We rewrite Q as 

Mi) /•? 



Q(X)(0 = -^— / e-^e^[{2U 2 +AcU X oy)y i + h]dr ] 

J — OG 

Mi) f 00 

+ — — / e-l«-"l e - c ^[(2C/ 2 + 4cU X oy) yi + h]dr) 

4 Je 



+ cV ° y 



= Ql + Q 2 + c .9' o y. 

Let /(£) = X£>o(£)e~ ? and A be the map defined byi:«^/*u. Then Q x can 
be rewritten as 

e -C(£) 

(3.15) CiW(0 = 1 — A o i?(£, U, 

where i? is the operator from E to L 2 (M.) given by 

(3.16) R(C, U, h) = e< ((2C7 2 + 4cU x ° y)y c + ft) . 
The Fourier transform of / can be easily computed, and we obtain 

(3.17) ^) = //^- 2 ^ = rrk- 

The if 1 (R)-norm can be expressed in terms of the Fourier transform as follows 

\\f*v\\ Hl = (l + V 2 )Kf*v 

L z 

= \(l + V 2 ) h fi\\ L2 

<C\\v\\ L2 

= C\\v\\ L2 , 

for some constant C. Hence A : L 2 (R) — > i7 1 (R) is continuous. Let us prove that 
Qi is locally Lipschitz from E to H 1 (R). It is not hard to prove that R is locally 
Lipschitz from E to L 2 (R), by applying 

Ix o yi(0 - x ° 1/2(01 - I / x'(*)^l < llx'IU |y 2 (0 - yi(0l, 

as the following estimate shows 

||e Cl [(2172 + 4 Cl U lX o yi)yi,e + hi] - e< 2 [(2C/| + 4c 2 c7 2X o y 2 )y 2i£ + h 2 ]|| L2 

< ||(e^-e^)[(2C/ 1 2 +4c 1 C7 1 xo 2 / 1 ) 2 / 1 , l + / ll ]|| i2 

+ \\e^[(2U 2 +4c 1 U lX oy 1 )y u - (2U 2 + 4c 2 U 2X o y 2 )y 2A + h x - h 2 ]\\ L2 

< ||e Cl -e C2 ||_ \\(2U 2 + 4c 1 U lX oy 1 )y lx + h 1 \ 



\L 2 

, / Li/ n iu liii j. _1_ Ai 1 — hi r -.\ , 

\l 2 

< e IICl|Loo+||C2|Loc || Cl _ C2 || loo 11(2^2 + Aci U lX o + hl \ 



s C2 || L oo || (2Z7? + 4c 1 U lX oy 1 )y ht - (2U 2 + 4c 2 U 2X o y 2 )y 2 ^ +h 1 -h 2 \ 



\L 2 

+ e^"^ (\\h! - h 2 \\ L2 + 4 \\ Cl U lX o j/! - c 2 U 2X o y 2 || L2 + 2 \\UfCi,i - U^Wl 2 
+ 4||c 1 t7 1 xoyiCi,c -c 2 C7 2 xo2/ 2 C 2 , ? || i2 +2||t7 2 - U 2 \\ L2 ) 

IIC1IL00+HC2IL 



< - 2/ 2 || L oo ell^ll^+l^ll^ ||(2C7 2 + 4 Cl (7 lX o yi )y u + 
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e 



IIC2lL °° (\\hi- h 2 \\ L 2 + 2(||t/i|| Loo + ||^ 2 || £ ») \\Ui ~ U 2 \\ L2 + 4|ci - c 2 | llt^ll^ 
+ M \\Ui - U 2 \\ L2 + \c 2 \ \\U 2 \\ L2 \\x°Vi " X° V2\\ L ~ 
+ 2||C U || i2 \\Ui-U 2 \\ Loo WUx + U^W^ 
+ 2 \\U 2 f Laa ||Ci,£ - C2,dl L = + IICu - CkWl* W^iUiX o yi|| Loo 



where 



+ 4 ||Ca,i ll L 2 ||ciC/ix o yi - c 2 U 2 x o y2|| i0 o ) , 



|cif/ix°yi - c 2 ^2X ° 2/2 H^oo < \ci - c 2 \ \\Ui\\ Loo + |c 2 | \\Ui -U 2 \\ L 



+ C\c 2 \ \\U 2 \\ Loo || j/i - y2|| L =o • 

Since A is linear and continuous from L 2 (R) to the composition A o R is 

locally Lipschitz from E to 7J 1 (R). Then, we use the following lemma, which is 
stated without proof. 

Lemma 3.2. Let K x : E -> V andK 2 : E -> H 1 (R) , or K 2 : E -> V be two locally 
Lipschitz maps. Then the product X — > 1Z\{X)1Z 2 (X) is also locally Lipschitz from 
E to H X (R), or from E to V. 

Since the mapping X i— > is locally Lipschitz from E to V, the function Qi is 
the product of two locally Lipschitz maps, one from E to and the other one 

from E to V, it is locally Lipschitz from E to H 1 (M.). Similarly one proves that Q 2 
is locally Lipschitz. Thus it is left to show that X H> g' o y is locally Lipschitz from 
E to H 1 ^). By | |3.14| | we have 

9'(yi0) = I e~^-y^ X >(y(z)) X (y(z))yt(z)dz 



e 



-(»(*)-»(£))•»/ 



x (y(z))x{y{z))yd z ) dz 



= h(0 + m)- 

Introduce v(z) = e^^- ) x'(j/(z))x(j/(z))j/j(z), then we can write as 
(3.18) / x (0 = e~^A(v) 

and we only have to check that the mapping X > v is locally Lipschitz from E to 
L 2 (R). This follows from the smoothness of x an d the fact that 

\\x'(y(0)h* < Wx'L- (mcasU e R | y(0 e [CU]}) 1 / 2 

<|| X 'IU (meas{[-||C|| Lo .,l + ||CII^]}) 1/2 
< C. 

Therefore Q is locally Lipschitz from _E to 1 (R) . To prove that V — U 2 is locally 
Lipschitz from £ to iJ^R) one can use the same techniques after discovering that 
one can write, using (3.9), 



+ 1 /" e -l^)-^)l(2 c 2 (x'(y)) 2 + 2 c 2 x(y)x"(2/))%W^ 
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□ 



we can write 



Hence Q and V — U 2 are locally Lipschitz continuous from E to H 1 ( 

By the above lemma we have that Q £ H 1 (R) and therefore lim^-too Q(t, £) = 0. 
Hence (3.6 ) implies that if a solution in E exists the asymptotic behavior of U(t, £) 
must be preserved for all times. Thus using that y — Id £ L°°(lf 
U(t,£) — U(t,£) + c\° y(t,£). Therefore, we can also write (3.6| as 

(3.19a) y t = U. 

(3.19b) 

(3.19c) 

(3.19d) 



Vi 

U t = -Q- c( X ' o y)U, 
ct = 0, 

h t = 2(U 2 - P)U 6 . 



Theorem 3.3. Given Xq = (£o> Uq, ho) in E, then there exists a time T depending 
only on \\X$\\ E such that ( 3.6 1 admits a unique solution in C ([0,T], E) with initial 
data Xq. 



Proof. Solutions of (3.6) can be rewritten as 

ft 



X(t) = X, 



o 



F(X(r))dT, 



where F: E — > E is defined by the right-hand side of (3.6). The integrals are 
defined as Riemann integrals of continuous functions on the Banach space E. Using 
Lemma 3.1 we can check that F(X) is a Lipschitz function on bounded sets of E. 
Since E is a Banach space, we use the standard contraction argument to prove the 
theorem. □ 



After differentiating (3.6) we obtain 



(3.20a) 


Vi,t 






(3.20b) 






(U 2 - P) Vi - c X " o m U + c X ' o yQ, 


(3.20c) 






(U 2 -P)yt, 


(3.20d) 


h t 


= 2(U 2 





We define the set Q as follows. 

Definition 3.4. The set Q is corn-posed of all (£, U,h) £ E such that 

(3.21a) (C,U) £[W 1 '°°{R)] 2 , h£L°°(R), 

(3.21b) y^ > 0, h > 0, y^ + h > almost everywhere, 

(3.21c) y^h — U 2 almost everywhere, 

where we denote y(£) = £ + C(0- 

As in [T2 Lemma 2.7], we can prove that the set Q is preserved by the flow, 
that is, for any initial data X = {(o,Uo,ho) in Q, if X(t) = {Q(t),U{t),h(t)) is 
the short-time solution of (3.6) in C 1 ([0,T],£') for some T > with initial data 
(Co)^0)^o)> then X(t) belongs to Q for all t £ [0,T]. Moreover we have that, for 
almost every t £ [0, T], 

(3.22) y 6 (t, > for almost every (el. 
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Using this property, we can derive the necessary estimate to prove the global exis- 
tence of solutions to (3.6). 



Theorem 3.5. For any Xo — (yo,Uo,ho) & Q, the system (3.6) admits a unique 
global solution X(t) — (y(t),U(t),h(t)) in C 1 ([0, oo), E) with initial data Xq — 
(?/0j Uo, ho). We have X(t) € Q for all times. If we equip Q with the topology 
inducted by the E-norm, then the mapping S : Q x [0, oo) — > Q defined as 

St(X )=X(t) 

is a continuous semigroup. 

Proof. The solution has a finite time of existence T only if ||(£, U, h)(t, ■ )\\ E blows 
up when t tends to T because, otherwise, by Theorem |3.3[ the solution can be 



prolongated by a small time interval beyond T. Let (£, U, h) be a solution of (3.6) 
in C 1 ([0, T), E) with initial data (Co, Uq, h ). We want to prove that 

(3.23) sup || CCC*. -),U(t,-),h(t, -))\\ E <oo. 

t£[0,T) 

We can follow the proof of [T2l Theorem 2.8] once we have established that 

(3.24) sup (||C/(* 5 OIL- + OIL- + )|Q(t, OIL-) < oo. 
te[o,T) 

Let us introduce 

T = J U*y ( dZ+\\h\\ L1 . 

By ( |3.21c ), we have 

(3.25) h = Uf- Qh 

and therefore h £ L 1 (M). Moreover since ft, > 0, we have ||ft|| L i = J R hd^. We can 

II - | | 2 

estimate the ^ ioo as follows. 



U 2 {C) = 2 { UU^dr] 

J — OO 

= 2 [ UU^ d-q - 2 [ cUx' o yy^ dij 

J — oo J — oo 



oo 

u 2 

< I U 2 Vi + - L dr 1 -2 I cU X ' ° 2/% drj 

{«l»c(O>0} % 



< 



(U z y f + h) dr 1 + 2C\\U\\ Lo 



< r + 2C||c/|| ioo . 

After using that < ^ ||f/|| + C, we get 



(3.27) ll^llroo < 2T + C. 



From (3.7), we get 



(3.28) \\P\\ LX < -(^11^+2101 \\U\\ La> ) I e-W-yWytdti + r- 
<(2||t7||^ + |c| 2 )+r + |c| 2 

< 5r + c. 
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Similarly, one obtains that 
(3.29) 



IIQII 



< sr + c. 



Hence, (3.24) will be proved when we prove that sup te [ T j T < oo. We can now 
compute the variation of T. From (3.19) we get 

dT 



= / 2UU m d£+ / U z y it d(i 



2U(-Q-cU X ' oy) Vi dC+ / U 2 U^di+ / 2{U 2 - P)J7 e d£ 



dt 



We estimate each of these three integrals, that we denote A±, and A3, respec- 
tively. We have 

A x = -2 I QUy^-2 [ dJ 2 X ' o yy £ + c 2 U X ° yx' ° m<% 
Jr Jr 

< -2 / P 6 Ud£ + CT + C \\U\\ 
Jr 

<2 f FUtd£ + Cr + C\\U\\ L0B , 
Jr 

after integration by parts, since P^ — Qy^. We have 



An 



U 2 Utdt+ / cU 2 ( X 'oy)y^ 



We have 



cU'( X 'oy)y^<CT. 



A 3 = 2 U 2 U^~2 / PU 6 d£-2c / Px'oyy^ 



-2 I PU € <% - 2c I P X ' o yy ( dt; + -c 3 



<-2 / PUtdt + C\\P\\ LO 



c. 

Finally, by adding up all these estimates, we get 
dT 



< CT + C + C\\U\ 
<CT + C, 



C\\P\ 



C\\P\\ 



by (3.27) and (3.28). Hence, Gronwall's lemma implies that sup te r 0i r) r(t) < 00 



Using now (3.27), (3.28), and (3.29), we immediately obtain that the same is true 
for \\tl(t, •) Ijroo, || P(t, ')\\ L oo, and \\Q(t, • )|| LOO , which are bounded by a constant 
only dependent on sup tg [ T \ T(t) < 00 for t € [0, T). □ 

4. From Eulerian to Lagrangian coordinates and vice versa 

The appropriate set to construct a semigroup of conservative solutions is the set 
T> defined below, which allows for concentration of the energy in domains of zero 
measure. 
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Definition 4.1. The set T> is composed of all pairs (u, //) such that u 6 7fo,oo(R) 
and n is a positive finite Radon measure whose absolutely continuous part, /i ac , 
satisfies 

(4.1) fj, ac = u 2 x dx. 



The system (3.6) is invariant with respect to relabeling. Relabeling is modeled 
by the action of the group of diffeomorphisms G that we now define. 

Definition 4.2. We denote by G the subgroup of the group of homeomorphisms 
from R to R such that 

(4.2a) / - Id and - Id both belong to VF 1 ' 00 ^), 

(4.2b) f i - 1 belongs to L 2 (R), 

where Id denotes the identity function. Given a > 0, we denote by G a the subset 
G a of G defined by 

(4.3) G a = {f € G | ||/ - Id|| wli00 + (I/- 1 - IdH^ < a}. 

We define the subsets T a and T of Q as follows 

T a = {X = ( y , u,h) e G I y + H e G a ], 

and 

T = {X = (y, U,h) e g | y + H e G}, 
where H(t,£) is defined by 

H(t,0= I h(t,T)dT, 



which is finite since, from (3.21c), we have h = J7| — Qh and therefore h g L 1 (IR). 
For a — 0, we have Go = {Id}. As we shall see, the space Jb will play a special role. 
These sets are relevant only because they are preserved by the governing equation 



(3.6). In particular, while the mapping £ H> y(t,£) may not be a diffcomorphism 
for some time t, the mapping £ H> g/(t, £) + £) remains a diffeomorphism for all 
times t. As in 12, Lemma 3.3], we can establish that the space J- is preserved by 



the governing equations (3.6). More precisely, we have that, given a, T > 0, and 

for all t € [0, T] where a' only depends on T, a and ||Xo|| B . For the sake of 
simplicity, for any X = (y, U,h) £ T and any function / € G, we denote (y°f,U o 
/, /io //c) by X o /. Then, Jo/ corresponds to the relabeling of X with respect to 
the relabeling function / € G. The map from G x J 7 to J 7 given by (/, X) H> A o / 
defines an action of the group G on J 7 , see [HI Proposition 3.4]. Since G is acting 
on J 7 , we can consider the quotient space T jG of J 7 with respect to the action of the 
group G. The equivalence relation on J 7 is defined as follows: For any A, A' e J 7 , 
we say that A and A' are equivalent if there exists / € G such that X' — X o f. 
We denote by n(A) = [A] the projection of T into the quotient space F/G, and 
introduce the mapping T : J- — > J-q given by 

T(X) = X o (y + H)- 1 

for any A = (y, U, h) £ J 7 . We have T(A) = A when X € and T is invariant 
under the G action, that is, T(A o /) = T(X) for any A 6 J 7 and / e G. Hence, 
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we can define a mapping L from the quotient space T/G to Tq as r([X]) = T(X) 
and the sets Tq and T are in bijection as 

fonu = idk. 

We equip To with the metric induced by the i?-norm, i.e., djr Q (X, X') = \\X — X'\\ E 
for all X, X' 6 To. Since To is closed in E, this metric is complete. We dchne the 
metric on T/G as 

d^ /G ([X],[X']) = \\T(X)-T(X')\\ E , 

for any [X], [X 1 ] € T/G. Then, T/G is isometrically isomorphic with To and the 
metric djr/ G is complete. 

We denote by S : T x [0, oo) — » J 7 the continuous semigroup which to any initial 
data Xo £ T associates the solution X(t) of the system of differential equations 
(3.6) at time t. As indicated earlier, the Camassa-Holm equation is invariant with 
respect to relabeling. More precisely, using our terminology, we obtain the diagram 

(4.4) T — ^T/G 

A | 

r 

T a 

A 

St 

F Q ^^T/G 
which summarizes the following theorem. 

Theorem 4.3. For any t > 0, the mapping S t : T J 7 is G-equivariant, that is, 

(4.5) S t (X o f) = S t (X) o f 

for any X € T and f E G. Hence, the mapping St from T jG to TIG given by 

S t ([X}) - [S t X] 
is well-defined. It generates a continuous semigroup. 

Proof. See [HI Theorem 3.7]. □ 

Note that the continuity of St holds because, for any given a > 0, the restriction 
of r to T a is a continuous mapping from T a to To, see [TH Lemma 3.5]. 

Our next task is to derive the correspondence between Eulerian coordinates 
(functions in V) and Lagrangian coordinates (functions in T/G). Let us denote 
by L: T> — > T/G the mapping transforming Eulerian coordinates into Lagrangian 
coordinates whose definition is contained in the following theorem. 

Definition 4.4. For any (u, /i) in T>, let 

(4.6a) y(C) = sup {y \ fi((-oo, y)) + y<£}, 

(4.6b) tf(0=«°»(0, 

(4.6c) H0 = l-y e (0- 

Then (y, U, h) £ Tq. We define L(u, fi) — (y, U, h). 
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Note that the mapping L depends on the partition function x- The well- 
posedness of this definition is established in the same way as in [TJ] Theorem 3.8]. 
In the other direction, we obtain the energy density in Eulerian coordinates, 
by pushing forward by y the energy density in Lagrangian coordinates hd£. We 
are led to the mapping M which transforms Lagrangian coordinates into Eulerian 
coordinates and whose definition is contained in the following theorem. 

Definition 4.5. Given any element X in T/Q. Then (u, n) defined as follows 

(4.7a) u(x) = U(£) for any £ such that x = j/(£), 

(4.7b) » = y#(hd£) 

belongs to T>. We denote by M: T/Q — > "D the mapping which to any X G T/Q 
associates (u,n) as given by (|4.7[). 



The well-posedness of this definition is established in the same way as in [T2l 
Theorem 3.11]. Finally, one can show that the transformation from Eulerian to 
Lagrangian coordinates is a bijection (see [T2l Theorem 3.12]). 

Theorem 4.6. The mappings M and L are invertible. We have 
L o M = Idjr and M o L = Id-p . 

5. Continuous semigroup of solutions on V 
For each t £ R, we define the mapping T t from T> to T> as 
(5.1) T t = MS t L. 

It corresponds to the following diagram: 

M 



TIG 



TIG 



We define global weak conservative solution to the Camassa-Holm equation as 
follows. 



Definition 5.1. Assume that u; [0, oo) x 

r*;«€L£ , c ([o,oo),fr 00 cR)), 

(ii) the equations 



satisfies 



[0,oo)xl 



u(t, x)(f> t (t, x) + (u(t, x)u x (t, x) + P x (t, x))4>(t, x) 



dxdt 



u(0, x)4>{x, 0)dx 



(5.2) 

and 
(5.3) 

'[0,oo)xl 

hold for all (j) € C^([0, oo) x K). Then we say that u is a weak global solution of 
the Camassa-Holm equation. If u in addition satisfies 

(u 2 + u 2 x ) t + (u(u 2 + u 2 x )) x - (u 3 - 2Pu) x = 



1 



(P(t, x) - u 2 (t, x) - -u 2 x {t, x))4>(t, x)+P x (t, x)(j) x (t, x) 



dxdt = 0, 
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in the sense that 



(5.4) 



(0,oo)xl 



(u 2 (t, x) + u x (t, x))4> t {t, x) + (u(t, x)(u 2 (t, x) + u 2 x {t, x)))4> x (t, x) 



(u 3 (t, x) - 2P(t, x)u(t, x))<j> x (t, x) 



dxdt = 0, 



for any <f> £ Cq°((0, oo) x R), we say that u is a weak global conservative solution 
of the Camassa-Holm equation. 

On T> we define the distance dx> which makes the bijection L between T> and 
T /G into an isometry: 

d v ((u, fi), (u, A)) = djr /G (L(u, n),L(u, /2)). 

Since J-/G equipped with djr/ G is a complete metric space, the space T> equipped 
with the metric do is a complete metric space. Our main theorem then reads as 
follows. 

Theorem 5.2. The semigroup {T t , dx>) is a continuous semigroup onT> with respect 
to the metric d-p. Moreover, given any intial condition (uq,[j,q) G T> ', we denote 
(u,n)(t) = T t (uo,/zo). Then u(t,x) is a weak global conservative solution of the 
Camassa-Holm equation. Moreover, letting v = u 2 dx + [i, we have 

v t + (uu) x - (u 3 - 2Pu) x = 

in the sense of distribution, that is, 



(5.5) 



[0,oo)xl 



((f>t(t, x) + u(t, x)4> x {t, x))dv{t, x)dt 



[0,oo)xR 



{u 3 (t, x) - 2P(t, x)u(t, x))(f> x (t, x)dxdt 



0(0, x)dis(0, x)dx. 



Proof. First we prove that T t is a semigroup. Since St is a mapping from J-q to Fq, 
we have 

T t T t , = MS t LMS v L = MS t S v L = MS t+t ,L = T t+t >, 



where we used (5.1) and the semigroup property of St- To show that u{t,x) is 



a weak global solutions, we have to show that (5.2) and (5.3) are satisfied. The 



proof of (5.2) and (5.3) is essentially the same as in [12] . Let us check that (5.5) is 



fullfilled. After making the change of variable x = y(t,^) we obtain 



u z (t,x)4> t {t,x)dxdt= // cnt,o&(t.tf(*>0)%(*.Ode* 

[0,oo)xR JJ[0,oo)xR 



U 2 (t, W, V(t, 0))t - Mt, y(t, 0)Wt(*. y s (t, Od^dt 



[0,oo)xR 

t/ 2 (o,£)0(o, y (o,£M 



[0,oo)xl 



U 3 (t,Oh(t,y(t,0)d^dt 



(2U(t,0Q(t,0vdt,0 - u 2 (t,out(t,o)Ht,y(t,0)d(;dt 



[0,oo)xR 

m 2 (0, x)(p(0, x)dx 
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[0,oo) xl 



2u(t, x)P x (t, x) — u (t, x)u x (t, x) )4>{t, x) — 11 (t,x)4> x (t,x)dxdt, 



and 



<j) t (t,x)d(i(t,x)dt = // (k(t,y(t,S))h(t,Z)dZdt 

[0,oo)xE JJ[0,oo)xR 

{<t>(t, y(t, 0))t - 0x(t, V(t, 0)Vt(t, 0) h(t, fidSdt 



[0,oo)xl 

0(0, y(Q, 0)h(0, £)d£ 



/ / h t (t, £)0(*, y(t, 0) + U(t, t)h(t, O0x(*, »(*, 

J J[0.oo1xR 



[0,oo) X 

0(0,2/(0,0)^(0,0^ 



2(c/ 2 (i, - P(t, 0)W 0#*> y(t, 0) + u(t, OKt, v(t, OK* 

oo)xR 



II[o 

■ / 0(0, x)d(i(0, x)dx — II <j> x (t,x)u(t,x)d(i(t,x)dt 

JR JJ[0.oo)xR 



'[0,oo)xl 

2(u 2 (t, x) — P(t, x))u x (t, x)(f>(t, x)dxdt. 

'[0,oo)xK 

This finishes the proof. Since for almost every t E [0,T], yt-(t,£) > for almost 



every £ € R, see (3.22), the property (5.4) follows from (|5.5[). □ 



6. Invariance of the topology with respect to the choice of the 

partition function 

The mappings L and M depend on the choice of the partition function \- To 
emphasize this dependence, we write L x and M x . In this section we prove that 
different choices of the partition function \ lead to the same topology in T>. Given 
two partition functions x an d Xi we obtain two topologies 

(6.1) d v ((u,(i), (u,fi)) = \\L(u,(i) - L(u,p)\\ Ex , 
and 

(6.2) d v ((u,(i), (u,fi)) = \\L(u,n) - L(u,p,)\\ E . 



In (6.1) and (6.2), we add the subscripts \ an d X to indicate which norm is used 



on E. 

Theorem 6.1. We consider two partition functions x an d X- Then, the metric 
they induce on T> are equivalent, that is, there exists a constant C > which only 
depends on x and x such that 

~(|d((«,/x), (11,(1)) < d D ((u,(i), (u, (i)) < Cd D ((u,p), (u,fi)) 
for any (u, (i) and (u,(i) in T> . 

Proof. Let (y, U, h) = L(u, (i) and (y, U, h) = L(u, p). We have 
||L(u,m) ~ L(u,p)\\ E = \\(C,I^(U),h) - (C,I^(U),h)\\ s 
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= lie - c|| v + \\^\u - u)\\ H ^ R + \\ h - ~ h L* 

< IK - C|| v + c \\ir*tf{u -f/)|| + \\h- h\\ L2 , 



see (2.5) for the definition of 'J. The linear mapping is continuous and C is its 
operator norm, which only depends on \ and x- Hence, since I x = J^o vf, 

\\L(u,p) - L(u, /2)|| E _ < ||C - Cllv + C ¥x ll V - ^)L M R)xr + W h ~ ~ h Wv 
<C\\{tJ-\U),h) - {li-\u),h)\\ jt 

= C\\L(u,fi)-L(u,p)\\ Ex . 

□ 

The metric dx> on T> gives the structure of a complete metric space while it 
makes the semigroup T t of conservative solutions continuous for the Camassa-Holm 
equation. In that respect, it is a suitable metric for the Camassa-Holm equation. 
The definition of d-p is not straightforward but it can be compared with more 
standard topologies. We have that the mapping 

u i — ^ (u, u\ dx) 

is continuous from Ha tCa {R) into T>. In other words, given a sequence u n € _ffo,oo(K) 
which converges to u in Hq j00 (M), then (u n , u\ x dx) converges to (u,u 2 dx) in T>. 
See [HI Proposition 5.1]. Conversely, let (u n ,fi n ) be a sequence in V that converges 
to (u, /i) in V. Then 

u„ — > u in L°°(R) and /i n — fi. 
See QH Proposition 5.2]. 

7. Conservative solutions with vanishing asymptotics 

In this section we want to clarify the connection between the approach used here 
in the case c_ = c + = and the one used in [12] , which also answers the questions 
why the proofs are quite similar and why we speak of conservative solutions. 



Theorem 7.1. Let (mq,/xq) be a pair of Eulerian coordinates as in Definition 4.1 



and (itoj A*o) the pair of Eulerian coordinates as defined in [121 Definition 3.1], such 
that uq{x) — uq{x) and such that 



j5o(( — oo,:r)) — Ho{(— oo,x)) = / uq(x) dx, x € M. 

J — oo 

Then the solutions (u(t),^i t ) and (u(t),jlt) satisfy u(t,x) = u(t,x) and 
Mt((— oo, a;)) — Mt((— oo, x)) = / u(t,x) 2 dx, x £ R. 



Proof. Let (uo,A*o) be a pair of Eulerian coordinates as defined in Definition |4.1| 
and (ito,//o) the set of Eulerian coordinates defined as in [TJ1 Definition 3.1], such 
that x 

fjo((—oo,x)) — iio((—oo,x))= / uo(x) 2 dx, x £ K. 



Moreover, let (y, U, h) be the Lagrangian coordinates to (u, /i) and define 



H(t,0= f h + U 2 y^. 

J —OO 
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Then by construction (cf. Definition 4.4), we have 

y(0, 0+^(0,0= / U 2 yi (Q,0dt + Z. 

J — oo 

The right-hand side belongs to Q, the set of relabeling functions, which coincides 
with the one used in [12] . Thus let /(£) = U 2 y^(0, £)d£ + £. Then we have for 
almost every £ G K, that 

2/o(0 +Mo((-oo,J/o(0)) = 

which implies 

W)(0+W)((-oo,W)(0)) = /(0- 
Thus setting y (f) = 2/o(/ _1 (0) y ields 

2/0 (£) +Mo((-oo,yo(0)) = £• 
Moreover, one can conclude that 

yoiO^yoir 1 ^)), for all x 61, 



by using Definition 4.4 and [321 Theorem 3.8]. Analogously one can proceed for the 
other involved functions so that X o / _1 = X Q . 

Furthermore, from (3.6) we can conclude that the variables (y, U,H) satisfy 

(7.1a) ^ = U, 

(7.1b) U t = -Q, 

(7.1c) H t = U 3 -2PU, 

which coincides with the system of ordinary differential equations for the Lagrangian 
coordinates considered in [T2J. In addition we know from [T2J Theorem 3.7] that 
St(X of) — S t {X) o /, and therefore using that the mapping from Lagrangian to 
Eulerian coordinates (cf. [T2J Theorem 3.11]) is independent of the element of the 
equivalence class we choose, we obtain that the pairs (uo,A*o) and (wo,/io) with 
fio({— oo,x)) — A*o(( — oo, a:)) = J x Uq(x)(1x, give rise to the same conservative 
solution. □ 
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